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SUMMARY

The present work is devoted to the numerical approximation of a system which arises when modelling
a two-phase flow in a pipeline. Two particular difficulties are of special interest, the non-conservativity
and the weakly hyperbolicity of this system. Some elementary waves are characterized and a relaxation
system, unconditionally hyperbolic, is proposed. The stability criteria of the resulting relaxation method
are achieved by a Chapmann—Enskog-like expansion. A numerical scheme based on the relaxation system
is proposed and computations are performed on a shock tube. Validation is performed by comparison
with the exact solution and also to the solution from a modified HLL scheme. Copyright © 2005 John
Wiley & Sons, Ltd.
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1. INTRODUCTION

Let us consider the behaviour of a compressible fluid, essentially composed by two non-
miscible components. This is for example the case of oil (index £ = 1) and water (index k =2)
in pipelines. Each component (k) is characterized by: the void fraction o;<€(0,1), the den-
sity px >0, the velocity u;€R and the pressure p; >0. According to the Baer—Nunziato model
[1] and with the assumption of isentropic inviscid flow, the physical model is
given by

oW + 0, F(W)=B(W)d,o (1)
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with
o 0 —ux
o1 p1 o P11 0
W= | wpu [, FW)=|wpui+up |, BW)=| pn 2)
%02 0 P2U2 0
0 P2U2 0 a3 + 02 P2 —P

where u; and p; are the interfacial velocity and pressure. We consider, as in Reference [1],
that uy=u; and p;= p,. The partial pressure p; is a function of the partial density p;
(pr = pi(px)) and the sound speed is given by: ¢, =/ p'(pr)/pk.

This system is in a non-conservative form. It reduces to a conservative form in some
specific cases (for example when one component is not present). The eigenvalues of (1) are
real (uy,u; +c; and u; £+ ¢;) but the system is not diagonalizable when o; =0 or u; =u, + ¢;.
Although the system is non-conservative, we can characterize some elementary shocks by the
following jump conditions:

[;]=0 and — o[W]+ [F(W)]=0 3)

where ¢ denotes the shock speed. The states W, and W are connected by a contact disconti-
nuity if and only if W belongs to the integral curve solution of: d:W(&)=Ry(W(¢)) where
Ry is the right eigenvector associated with the eigenvalue u;.

From the numerical point of view, a precise evaluation of the interface localization is
required. The HLL modified scheme [2] is too much diffusive. Indeed, after a long time
calculation, the interface is spread on the entire domain. The schemes based on a complete
spectral decomposition of the Riemann problem such as the VFRoe scheme [3], known to
produce accurate approximation of the solutions, cannot be used when the system is not
hyperbolic. In addition, the numerical approximation of solutions of a non-conservative system
need a particular attention as soon as discontinuities appear [4].

2. THE RELAXATION METHOD

In this section we propose and analyse a relaxation system to design a numerical scheme.
After the works of Chen et al. [5], Liu [6], Suliciu [7] and Coquel and Perthame [8], the
relaxation method can be viewed as a well-established tool to approximate the solution of
the compressible Euler equations of gas dynamics. Recently, Berthon ez al. [9] have extended
this method to a weakly hyperbolic system. The main feature of the relaxation solvers is to
use a relaxation system for which the solution of the Riemann problem is easy to compute.

We consider a similar approach and we develop a relaxation model for the current non-
conservative and weakly hyperbolic system. In this way, we introduce new variables II; and
IT, which are intended to coincide with the pressure p; and p, in the limit of the relaxation
parameter 4. We propose the following relaxation system:

&V+AVMV=%NV) (4)
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with V' = (061, o1P1, Otlplul,Hl, 00202, szpzuz,Hz) and

u 0 0 0 0 0 O 0
0 0 1 0 0 0 0 0
Hlfnz 714% 2u1 o 0 0 0 0

A= 0 Smagw 0 0 01 RWV)=|p-1
0 0 0 0 0 1 0 0
0 0 0 0 —3 2u, o 0

0 0 0 0 -um oy, p2— 1k

R (5)

where the positive relaxation parameters a; and a, are detailed later on.

Consider the set of admissible states: Q={VeR’;a; € (0,1),p; >0, p,>0}. For all Ve,
the relaxation system (4) is unconditionally hyperbolic. Its eigenvalues v; are u;, u; +(a/p1),
uy, up + (ay/p>) and each field is linearly degenerated. The Riemann invariants associated
with v=uy + (ar/pr) are: oy, u, = (ax/pr), i F arug, pr,up, I where k and k' denotes
the two fluid components, with v=u; are: uy, up, I, opps, oy(Il; —II;) and with v=1u,
are: oy, p1, uy, 1y, up, Ily.

Let us point out that the linear degeneracy of each characteristic fields of (5) is actually
desirable since the property yields that the Riemann problem associated can be solved in a
straightforward fashion for /4 set to infinity.

According to Liu [6], Chen et al. [5] some compatibility conditions must be satisfied by the
relaxation system (4). These conditions are actually needed to prevent numerical instabilities
in the relaxation method when / goes to zero. This conditions are usually referred to sub-
characteristic like conditions after Whitham [10]. It is therefore expected that the parameters
a; and @, must be fixed in order to fulfil such stability requirements. In the framework of
our relaxation method it is convenient to follow the approach proposed by Chen et al. [5]
or Whitham [10] based on the first-order asymptotic equilibrium system. In that way, we
consider the Chapmann-Enskog expansion of small departures 11, II; from the equilibrium
pressure pi, ps:

Hl =D + )VH{V, Hz = D2 + }Hé (6)

After substituting (6) into (4) and neglecting higher order terms, we classically end up
with the first-order asymptotic equilibrium system under the following generic form:

0:W + 0.F(W) — R(W)dso; = 2C(W)0(D(W)3 W)

1 0 0 0 0 0 0 0 0 0
1 —o
CW)= [0 0 550 0 20, DW)=|md 0 oy 0 mp (7)
0 0 0 1 0 0o O 0 0 0
00 0 o L o 0 0 0 w

P2
with g = (1/p1)(a7 — p3 pi(p1))s 1o =(1/p2)(a5 — p3 p5(p2)) and 0= (pa/o ) (w1 — u3).
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Now, the stability conditions to be put on the pairs a;,a, clearly come from the requirement
that the first-order correction operator in (7) must be dissipative relatively to the zero-order
approximation. Such conditions may be obtained by establishing the L?-stability of the constant
coefficient problem by linearizing (7) in the neighbourhood of the equilibrium pressure. In
other words, for all admissible states, all eigenvalues of the matrix

—i¢4 — AE*CD (8)

should have negative real parts [11]. After straightforward calculations, we find independent
conditions for a; and a, given by

ar>piy/ pi(p1), a > P24/ py(p2) )

3. NUMERICAL IMPLEMENTATION

The numerical scheme is based on the resolution of the Riemann problem associated to the
relaxation system (4). This procedure is standard within the framework of the relaxation
schemes [12, 13].

For the sake of completeness, we briefly recall the numerical relaxation procedure to ap-
proximate the weak solutions of (1).

We use a structured mesh in space and time defined by the cells /; = [x;_(1/2), Xi4(1/2)] and
the time intervals [¢”,¢#"t'] with

"=nAt and xpap) =0+ 3)Ax with (n,i) € NxZ (10)

where At denotes the time increment and Ax the spacial cell width.
We consider a piecewise constant approximation W/ of the equilibrium solution defined by

Wix,t) = W",  (x,t) € Lx[",1") (11)

At the time ¢t = 0, we set
1
0 __ _
W, = x/IiW(x,t—O)dx (12)

The approximate solution at time ¢" is then evolved to the next time level #"*! by taking
into account two steps:

(1) Time evolution: For t"<t<t"+ At, we calculate an approximate solution V"+1:~ for
system (5) with 4 — +oo for the initial data V”(x,#") which is deduced from the
equilibrium state W” with II; = p(p;) and I, = p(p,). Under the CFL criterion

At " 1
Ax max |v;(V")| < 3 (13)
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the solution V”(x, " + At) is composed of solutions of non-interacting Riemann prob-
lem. Let us note that each Riemann problem associated with the system is straightfor-

ward.
Next, the projection of V’(x,#” + At) on the piecewise constant functions is
given by
vl = L Ar)dx 14
I " t
e [ Vi an (14)

Xi—(1/2)

Let us emphasize that the relaxation model (4) is non-conservative. Thus, the
Godunov scheme never can be written under the usual numerical conservative form
(see Reference [13]).

(2) Relaxation: At time t"*!, we define the updated approximate equilibrium solution
W1 by computing:

(o) = (o), (o) = Cowepie )7 (ot ) = (oepreaag )i (15)

where i € Z,k =1 denotes the oil and k£ =2 the water.

Setting (I )"t = p(pf™"), this step can also be viewed as the resolution of the ODE
system:

(V)= %R(V) (16)

with the initial data V**~ and A set to zero (or equivalent to ¢ — co).

To conclude the present paper, we propose a numerical illustration of the above method.
We use a uniform 1000 points mesh and the CFL number is fixed to 0.5. The above model
is closed by the choice of the pressure laws: we consider p; =c?p; where ¢; =200m/s and
¢, =100m/s. We propose to approximate the solution of a shock tube. The initial data is
made of two constant states separated by a discontinuity located at x =0.5. The left and right
states are given by

ab =09, pk=10, ut=0, p;=40, ut=0

ok =001, pR=171, u}=0, pf=598, us=0

The exact solution is composed of a rarefaction wave and a shock wave separated by a
contact discontinuity. The approximate solution is plotted Figure 1 and compared with the
exact solution and the approximate solution obtained by the modified HLL scheme (see
Reference [2]). The relaxation scheme gives better results and is less diffusive than the mod-
ified HLL scheme. The numerical approximation is in fairly good agreements with the exact
solution. We obtain the expected velocity of the contact discontinuity while the HLL scheme
introduce large errors in the position of the contact wave. In addition, the non-conservative
numerical procedure leads to approximate shock waves according to the above definition (3).
To conclude, the relaxation scheme detailed in the present paper is able to approximate weak
solutions of the weakly hyperbolic system (1).
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Figure 1. Shock tube problem, exact solution (fill line), relaxation scheme (o symbols), HLL scheme
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symbols), 1000 cells mesh, 1=0.00175, ¢; =200, c; =100, of =09, pt =10, u} =0, p} =40,
us =0, af =001, pR =171, uf =0, p§¥ =598, uf =0.
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